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Abstract
Dierential rotation plays a key role in stellar evolution by triggering hydrodynamical instabilities and large-scale motions
that induce transport of chemicals and angular momentum and by modifying the propagation and the frequency spectrum of
gravito-inertial waves. It is thus crucial to investigate its eect on the propagation of gravity waves to build reliable seismic
diagnostic tools, especially for fast rotating stars, where perturbative treatments of rotation fail. Generalising a previous work
done in the case of uniform rotation, we derived a local dispersion relation for gravity waves in a dierentially rotating star,
taking the full eect of rotation (both Coriolis and centrifugal accelerations) into account. Then we modelled the propagation
of axisymmetric waves as the propagation of rays. This allowed us to eciently probe the properties of the waves in various
regimes of dierential rotation.
1 Introduction
Internal gravity waves are a unique way to probe stel-
lar interiors for intermediate-mass and massive stars. In-
deed, they provide us with constraints on mixing and rota-
tion thanks to frequencies of gravity modes (e.g. Van Reeth
et al., 2018). They are also able to transport angular momen-
tum in all stellar types (see Schatzman 1993; Zahn et al. 1997;
Talon & Charbonnel 2005 for late-type stars, Lee et al. 2014;
Rogers et al. 2013; Rogers 2015 for early-type stars, and Talon
& Charbonnel 2008; Fuller et al. 2014; Pinçon et al. 2017 for
evolved stars). Finally, tidally excited internal gravity waves
contribute to tidal dissipation in close-in binary and plane-
tary systems (e.g. Zahn, 1975; Ogilvie & Lin, 2004, 2007).
Dierential rotation aects the dynamics of stellar inte-
riors in several ways. First, it modies the propagation of
gravity waves, their frequencies and the transport they in-
duce (e.g. Ando, 1985; Lee & Saio, 1993; Mathis, 2009; Mirouh
et al., 2016; Guenel et al., 2016). Second, it triggers hydrody-
namical instabilities that contribute to the transport of an-
gular momentum and chemical elements in stellar radiative
zones (e.g. Zahn, 1992; Maeder & Zahn, 1998; Mathis & Zahn,
2004). For those reasons, it is crucial to have a reliable de-
scription of gravity waves in presence of dierential rotation
to be able to constrain transport processes and rotation in
dierentially rotating stars.
For slow rotators, the eect of rotation can be considered
as a perturbation of the non-rotating system, and the theory
predicts the splitting of modes of same radial order and an-
gular degree but dierent azimuthal orders. This allowed us
to estimate the near-core rotation rate of a large number of
subgiant and red giant stars thanks to mixed modes (Beck
et al., 2012; Mosser et al., 2012; Deheuvels et al., 2012, 2014,
2015; Triana et al., 2017; Gehan et al., 2018). For some mas-
sive stars, constraints on the internal rotation rate have been
obtained thanks to splittings of gravity and sometimes pres-
sure modes (Kurtz et al., 2014; Saio et al., 2015; Triana et al.,
2015; Murphy et al., 2016).
For fast rotators, however, pertubative methods are no
longer valid (see Reese et al., 2006; Ballot et al., 2010, 2013).
The computation of modes then requires solving a full two-
dimensional (2D) problem, which is numerically more ex-
pensive. This concerns typical intermediate-mass and mas-
sive pulsators, such as γ Doradus, δ Scuti, slowly pulsating B
(SPB), β Cephei, and Be stars. Thus, new seismic diagnoses
need to be built for rapidly rotating stars (e.g. Ouazzani et al.,
2017).
To go beyond pertubative methods without solving the full
2D problem, one may use the traditional approximation of
rotation (TAR), which neglects the radial component of the
Coriolis acceleration. Doing so makes the 2D problem sep-
arable again in spherical coordinates, thus allowing for e-
cient computation of modes in the case of uniform rotation
(Lee & Saio, 1997; Townsend, 2003; Bouabid et al., 2013). This
approximation has been used to interpret seismic data of γ
Doradus stars (Van Reeth et al., 2016) and SPB stars (Pápics
et al., 2017). Mathis (2009) proposed a way to include dier-
ential rotation in the formalism of the TAR, and Van Reeth
et al. (2018) applied it to γ Doradus stars. However, the do-
main of validity of this approximation is still unclear.
Another approach is the ray dynamics, which models
small-wavelength propagating waves as ray trajectories,
similarly to geometrical optics. This approach has been used
rst for acoustic waves in rapidly, uniformly rotating stars
by Lignières & Georgeot (2009) and Pasek et al. (2012). Later,
it has been used for gravity waves by Prat et al. (2016) in
the uniformly rotating case. This study predicted the exis-
tence of three families of modes: (i) regular modes, which
are similar to modes in non-rotating stars; (ii) island modes,
where the energy is localised around periodic orbits; and (iii)
chaotic modes, which have irregular spatial patterns. Each
family is expected to have its own spectral regularities, and
period spacings have been derived for low-frequency regular
modes (Prat et al., 2017).
We present here the generalisation of this work to the case
of dierent rotation, published in Prat et al. (2018). In Sect. 2,
we explain the ray theory. In Sect. 3, we show the results.
Finally, we conclude in Sect. 4.
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2 Ray theory
We use a ray theory based on the Hamiltonian dynamics.
Given a local dispersion relation ω = ω(~x,~k), where ω is
the angular frequency of a wave, ~x is the position, and ~k the
wavevector, the ray trajectory follows the group velocity of
the wave:
d~x
dt
= ~∇~kω (1)
and the wavector evolves along the ray path so that the an-
gular frequency is conserved:
d~k
dt
= −~∇~xω. (2)
To visualise the structure of the phase space (~x,~k), we use
Poincaré surfaces of section (PSS) that are obtained by tak-
ing the intersection of ray trajectories with a given surface
(in our case the equatorial plane θ = pi/2, where θ is the co-
latitude) at a given frequency. For axisymmetric waves, the
dynamics is 2D, and the PSS can be represented in the (r, kr)
plane, where r is the spherical radial coordinate and kr the
radial component of the wavevector.
In Prat et al. (2018), we derived a general dispersion rela-
tion including the full Coriolis acceleration, dierential ro-
tation, centrifugal deformation, stable stratication, and sur-
face eects responsible for the back-refraction of waves:
(k2 + k2c )ω
2 = f(f +Qs)k
2
z − fQz(kskz + k‖k⊥)
+N0
2k2⊥ + f cos Θ(f cos Θ +Q⊥)k
2
c , (3)
where k is the norm of the wavevector, kz and ks its com-
ponents parallel and orthogonal to the rotation axis, k‖ and
k⊥ its components parallel and orthogonal to the eective
gravity (which includes the eect of the centrifugal acceler-
ation), f = 2Ω the Coriolis frequency, Ω the rotation rate,
~Q = r sin θ~∇Ω, N0 the Brunt-Väisälä frequency, Θ the an-
gle between the rotation axis and the direction of the gravity
vector, kc the surface term dened by
k2c =
Γ21
4
µ− 1
µ+ 1
g20
c4s
, (4)
Γ1 the rst adiabatic exponent, µ the polytropic index, g0 the
norm of the eective gravity vector, and cs the sound speed.
The coordinate system is illustrated in Fig. 1.
3 Results
In this section, we present results obtained by perform-
ing ray-tracing computations in rotating polytropic models,
which are characterised by a relationship between the pres-
sure P and the density ρ of the form P ∝ ρ1+1/µ. For sim-
plicity reasons, we neglected the eect of dierential rotation
on the background models and used arbitrary rotation laws.
We investigated rst the eect of a purely radial dierential
rotation (Sect. 3.1) and second that of latitudinal dierential
rotation as well (Sect. 3.2).
3.1 Radial dierential rotation
We tested two congurations: one with a core rotating
faster (at a rate ΩC) than the rest of the star (at a rate ΩR),
and one with a slower core. In both cases, when the wave fre-
quency is larger than the maximum of the Coriolis frequency,
we observed that the wave dynamics is similar to the uni-
formly rotating case in the super-inertial regime. Likewise,
when the wave frequency is smaller than the minimum of
Figure 1: Illustration of the coordinate systems
the Coriolis frequency, the wave dynamics recalls that of the
sub-inertial regime in the uniformly rotating case. The nov-
elty of the dierentially rotating case appears when consider-
ing wave frequencies that are between the minimum and the
maximum of the Coriolis frequency. This new regime, which
we call trans-inertial, is characterised by a large fraction of
chaotic trajectories and a few island chains, as illustrated in
Figs. 2 and 3 for the fast and slow cores, respectively. These
gures also show new kinds of propagation domains found
in the trans-inertial regime. Although the propagation do-
mains are very dierent in the two cases, the dynamics looks
similar.
3.2 Latitudinal dierential rotation
We consider here a rotation prole with a uniformly ro-
tating inner region (at the rate ΩR) and an outer region
with a latitudinal dierential rotation dened by Ω = ΩR +
ΩD cos(2θ). This rotation prole generates many dierent
regimes that depend on the wave frequency and the degree
of dierential rotation ΩD/ΩR. We will focus here on trans-
inertial regimes, since the purely sub-inertial and super-
inertial regimes are similar to the corresponding regimes in
the uniformly-rotating case.
One of the trans-inertial regimes leads to three discon-
nected propagation domains: one near each pole and one
near the equatorial plane. The dynamics of rays computed
in the equatorial region is mostly regular, similarly to that of
the sub-inertial regime, although the PSS (shown in Fig. 4)
has many ne structures and some chaos.
Other trans-inertial regimes have various propagation do-
mains, but similar dynamics, illustrated in Fig. 5: regular tra-
jectories at low kr when rays do not propagate in the dier-
entially rotating region, and chaotic ones at larger kr when
rays do propagate in the dierentially rotating region.
4 Conclusion
The general dispersion relation we derived allowed us to
eciently explore the phase space in a large parameter range.
This exploration showed that purely sub- and super-inertial
regimes are similar to their uniformly rotating equivalents.
In contrast, trans-inertial regimes, which exist only in the
dierentially rotating case, show very dierent propagation
domains, and a dynamics dominated by chaotic trajectories.
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Figure 2: PSS (left) and trajectories (right) for a stellar model rotating at 38% of its critical velocity, with ΩC/ΩR = 2 and
ω/f = 1.6.
Figure 3: Same as Fig. 2, but with ΩC/ΩR = 0.5 and ω/f = 0.8.
The large variety of propagation domains means that dif-
ferential rotation probably has a signicant impact on the
mode frequencies, and that this impact might be observable
in real oscillation spectra. For similar reasons, dierential ro-
tation may have an impact on the excitation and damping of
waves, and thus on the mode amplitudes, on the transport of
angular momentum and on the tidal dissipation by gravito-
inertial waves.
The fact that the low-frequency dynamics (the sub-inertial
regime) is dominated by regular trajectories suggests that it
might be possible to derive new semi-analytical diagnoses
for dierential rotation as it has been done for uniform rota-
tion (Prat et al., 2017). Such diagnoses could be compared to
the work of Van Reeth et al. (2018), who used the traditional
approximation of rotation.
One limitation of the present work is that the considered
stellar models are not realistic. First, the eect of dierential
rotation on the background model has been neglected, and
the rotation prole is not coupled to the structure. Second,
we considered fully radiative models. One way to go further
would be to use more realistic rotating models such as those
produced by the ESTER code (Rieutord et al., 2016), in which
structure and rotation are inherently coupled in two dimen-
sions.
We presented here axisymmetric waves, but Prat
et al. (2018) also derived a dispersion relation for non-
axisymmetric waves. The dynamics of those waves still is to
be explored, and this is a crucial step towards a description
of the transport of angular momentum by gravito-inertial
waves based on the ray theory, since the transport arises
from the dierent damping of prograde and retrograde
waves.
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